A two-dimensional numerical procedure is presented to analyse the transient response of saturated porous elastic soil layer under cyclic loading. The procedure is based on the element-free Galerkin method and incorporated into the periodic conditions (temporal and spatial periodicity). Its shape function is constructed by moving least-square approximants, essential boundary conditions are implemented through Lagrange multipliers and the periodic conditions are implemented through a revised variational formulation. Time domain is discretized through the Crank-Nicolson scheme. Analytical solutions are developed to assess the effectiveness and accuracy of the current procedure in one and two dimensions. For only temporal periodic problems, a one-dimensional transient problem of finite thickness soil layer is analysed for sinusoidal surface loading. For both temporal and spatial periodic problems, a typical two-dimensional wave-induced transient problem with the seabed of finite thickness is analysed. Finally, a moving boundary problem is analysed. It is found that the current procedure is simple, efficient and accurate in predicting the response of soil layer under cyclic loading.
Introduction
Saturated soil can be idealised as two-phase media comprising deformable soil skeleton and pore fluid. The transient response of the saturated soil is especially important to understand the deformations and the pore water pressures generated by ground motion. This response is a key factor to the analyses of buildings, machine foundation, offshore structures, wave propagation in geological medium due to blast or earthquake, and pile driving. A fluid-filled porous medium theory was proposed by Biot (1941) problem is also designed to check the capability of the current procedure. This paper is organised as follows. First, brief descriptions of MLS approximants are presented. Then, governing equations for fluid-saturated elastic-porous medium are described. Periodic temporal and spatial boundary conditions are incorporated into the variational formulations. The numerical implementation for above variational formulations is presented. Finally, examples are used to assess the performance of the current procedure.
Moving least-square approximation
MLS method is employed in the EFGM to approximate a function uð x xÞ with u h ð x xÞ, where uð x xÞ is the actual function and u h ð x xÞ is its approximation. The approximation consists of three components: a basis, usually a polynomial; a weight function associated with each node; and a set of coefficients that depend on node position. The weight function is non-zero only over a small sub-domain around the node. This nonzero domain is called compact support or domain of influence. The overlap of the nodal domains of influence defines a nodal connectivity.
Moving least-square approximants
The MLS approximant (Lancaster and Salkauskas, 1981) where p j ð x xÞ is monomial in the space co-ordinates, x x T ¼ ½x; z, and a j ð x xÞ its coefficient. In a complete polynomial of order k (including m terms), p j ð x xÞ and a j ð x xÞ are given by 
At each point x x, a j ð x xÞ is so chosen as to minimize the weighted residual L 2 -norm:
where n is the number of nodes I in the neighbourhood of x x for which the weight function wð x x À x x I Þ 6 ¼ 0, and u I refers to the nodal index of u at x x ¼ x x I . The minimum of J with respect to að x xÞ gives
where A ¼ p T wð x xÞp and B ¼ p T wð x xÞ. Therefore, the approximation is obtained as
where the shape function / I ð x xÞ is defined by
Their spatial derivatives are obtained as
where
Weight functions
Weight function w I ð x xÞ wð x x À x x I Þ plays an important role in the EFGM. The weight function should be non-zero only over a small neighbourhood of x x I . Usually, w I ð x xÞ wð x x À x x I Þ ¼ w I ðd I Þ, where d I ¼ k x x À x x I k is the distance between the two points x x I and x x. The wð x x À x x I Þ should be smooth enough. If wð x x À x x I Þ is C 1 continuous, and a linear polynomial basis is used, the shape function / I ð x xÞ would be C 1 continuous (Lancaster and Salkauskas, 1981) . Cubic spline weight function is considered in the present formulation:
where d mI is the size of the compact support of x x I . Generally d mI ¼ d max c I . The d max is a scaling parameter known as support size factor. The c I is the maximum distance between two neighbouring nodes in each direction (Dolbow and Belytschko, 1998) . Circular or square domains of influence are usually used in practice.
Enforcement of essential boundary conditions
MLS shape functions do not satisfy the Kronecker delta criterion:
That means the MLS approximants are not equal to the true function at nodes unless the weight function is singular, i.e., u h ð x xÞ 6 ¼ u I . In other words, the approximation at the Ith node depends on the nodal index u I as well as other nodal indices within the domain of influence of node I. Although several techniques have been developed to enforce essential boundary conditions, this paper will use Lagrange multiplier method as an easy and direct method to impose essential boundary conditions (Belytschko et al., 1996) .
Weak form and numerical implementation

Governing equations
Soil skeletons are assumed to be elastic, isotropic and homogeneous. Pore water flows follow DarcyÕs law. Body forces as well as compressibility of the pore water are also taken into consideration. The transient response of porous medium under wave-induced loading is generally described by BiotÕs consolidation theory (1941) and VerruijtÕs storage equation (1969) , which are expressed respectively as follows:
where u is the displacement; p, the pore water pressure; b, the body force vector; n, the porosity of soil skeleton; k, the soil permeability; b, the compressibility of pore fluid; and c w , the unit weight of pore fluid; t, the real time. For a plane strain problem, The effective stress is expressed in terms of displacement as
Boundary conditions
Boundary conditions include soil skeleton and fluid boundaries as uðx; tÞ ¼ u uðx; tÞ on C u ð13aÞ pðx; tÞ ¼ p pðx; tÞ on C p ð13bÞ r Án nðx; tÞ ¼ t tðx; tÞ on C r ð13cÞ k c w op on n ðx; tÞ ¼ u uðx; tÞ on C u ð13dÞ u u and t t indicate pore water flux and traction, respectively.n n is the unit normal to boundary C r . C u , C p , C r and C u are the boundaries where displacement, pore water pressure, total stress and flux of pore water are prescribed. Obviously, they satisfy following relations:
where C is the boundary of problem domain.
Periodic boundary conditions
Temporal periodic conditions are for one-dimensional analysis, while spatial and temporal periodic boundary conditions are for multi-dimensional analysis. For example, when a sinusoidal traction propagates over the seabed surface, the soil response is spatially periodic. For such a problem, a certain length of soil mass along the horizontal direction is analysed. This length is equal to at least one wavelength of cyclic loading. Such an analysis model creates two virtual boundaries at both ends, denoted as C vl and C vr . Because soil responses are identical at these virtual boundaries, the spatial periodic conditions can be expressed as:
where u vl ; u vr and p vl ; p vr are the displacements and pore water pressures on the left and right side virtual boundaries, respectively. Eqs. (14a) and (14b) are new boundary conditions and will be incorporated into the variational formulations.
Variational formulations
The variational (or weak) forms for Eqs. (10) and (11) and (13a)- (13d), (14a), (14b) are formulated with trial functions of uð x x; tÞ and pð x x; tÞ, Lagrange multipliers k 1 ð x x; tÞ, k 2 ð x x; tÞ, k 3 ð x x; tÞ and k 4 ð x x; tÞ and their corresponding test functions dvð x x; tÞ, dpð x x; tÞ, dk 1 ð x x; tÞ, dk 2 ð x x; tÞ, dk 3 ð x x; tÞ and dk 4 ð x x; tÞ. Trial functions do not satisfy essential boundary conditions so that they are imposed with Lagrange multipliers. The subscripts Ô1Õ and Ô2Õ stand for the displacement and the pore water pressure on respective boundaries (C u and C p ). The subscripts Ô3Õ and Ô4Õ stand for the displacement and the pore water pressure on virtual boundaries C vu and C vp . A weighted residual form for these equations is obtained as follows:
Integrating by parts the first two terms of first integral and third term of the second integral and choosing dv r ¼ Àdv and dp / ¼ Àdp, Eq. (15) is partitioned into six equations. Defining k 1 ¼ r Án n on C u , k 2 ¼ ðk=c w Þðop=on nÞ on C p and the associated trial functions as dk 1 ¼ dv u , dk 2 ¼ dp p , dk 3 ¼ dv vu and dk 4 ¼ dp vp , Eq. (15) becomes (see Modaressi and Aubert, 1996 for further details):
k 4 dp dC À Z Cvr k 4 dp dC
Discrete equations
The MLS approximant in Eq. (6) is used to discretize the spatial variables in the weak form in Eqs. (16a)-(16f). The spatial approximants are as follows:
In Eqs. (17a)-(17f) N I is a shape function of Lagrange interpolant and m is the node number in influence domain. Time integration scheme is generally expressed for any function f ðtÞ as
where 0 6 h 6 1, and t and Dt denote the real time and its increment, respectively. Therefore, the final discrete equations are obtained as following matrix form:
where ½R, ½S tþ1 , ½F , ½Q and ½S t are given in Appendix A. It is noted that the ½R and ½Q are the function of parameter h. When h ¼ 0:5, the time integration is Crank-Nicolson scheme Karim et al., 2001 ).
Numerical implementation
The implementation procedure for above numerical model is as follows:
1. Define geometrical dimensions and material properties of the domain X. 2. Choose basis and weight functions for MLS approximants. 3. Set up nodal coordinates and determine domain of influence for each node. 4. Define integration cells and determine Gauss points for each integration cell X i and boundary cell C ui , C pi , C ti and C ui . Set up their weights and Jacobian. 
Assessment of the current numerical procedure
Typical one-and two-dimensional problems are studied for the transient response of soil mass under cyclic loading. A two-dimensional computer code is made for a plane strain problem. Numerical model parameters are listed as follows: linear basis function ðm ¼ 3Þ in Eq. (2), cubic spline weight expressed in Eq. (9) with d max ¼ 2:5. The domain is discretized with regularly distributed nodes for approximation and regular background cells for integration. Gauss quadrature with 4 Â 4 points is used for the integration of the Galerkin weak form. Linear Gauss quadrature with four points is used for the line integration of the f p , f k 1 , f k 2 vectors and G, G 0 , G vl , G vr , G 0vl , G 0vr matrices along essential boundaries, as well as force f u vector along traction boundaries. The time integration parameter h is taken as 0.5. Fig. 1 is the problem where cyclic loading is 100 sinð-tÞ kN/m 2 and the -is the angular frequency. If the load period is taken as 20 s, the frequency -is 0.31416 rad/s. The load on the soil surface is assumed to last for 240 s (12 cycles). Body force of the soil is not taken into consideration.
One-dimensional transient soil response under cyclic loading
The soil thickness ðhÞ is assumed to be 20 m. Soil is isotropic and elastic with YoungÕs modulus, E ¼ 2500 kN/m 2 ; PoissonÕs ratio, m ¼ 0:3; porosity, n ¼ 0:4; isotropic permeability, k ¼ 2:5 Â 10 À2 m/s. Water parameters are: density, c w ¼ 10 kN/m 3 ; compressibility, b ¼ 4:1 Â 10 À6 m 2 /kN. The boundary conditions are as follows: topsoil surface is completely permeable ðp ¼ 0Þ and the bottom is rigid ðu z ¼ 0Þ and impermeable ðo n p ¼ 0Þ. Only temporal periodic boundary conditions are needed for this problem. There are no virtual boundaries C vl and C vr . This leads to the simplification of various elements of Eq. (19) as given in Appendix A. Fig. 2 gives the physical model and its meshless model. The soil column is of unit width (L ¼ 1 m) and of the thickness of h ¼ 20 m. There are no flow and movement along the horizontal direction as shown in Fig.  2(a) . Eighty-two (82) equally spaced nodes as shown in Fig. 2(b) are included in the meshless model, where background cells for integration are enclosed by dotted lines. In order to simulate periodic loading, time step size is so selected that it is a multiple of the load period. A time increment of 0.0125 s is used until 0.125 s and for the remaining time step size is chosen as 0.125 s. Such a choice has a total of 2410 time steps within the 240 s.
An analytical solution is obtained from the frequency domain analysis of the governing equations of Eqs. (10) and (11). The analytical solutions for displacement ðuÞ, pore water pressure ðpÞ and effective stress ðr 0 Þ are obtained as
where z is measured from seabed surface. Other constants in Eqs. (20a)- (20c) are given by
where m v is the coefficient of compressibility; C v , the coefficient of consolidation and r 0 , the amplitude of cyclic loading. Fig. 3 compares displacement, pore water pressure and effective stress obtained by the current procedure with analytical solutions at t ¼ 120 s (6 cycles). Good agreement is observed for the displacements, pore water pressures and effective stresses. All numerical results are oscillation-free. Figs. 4 and 5 are the temporal response of displacements, pore water pressures and effective stresses. The analytical solutions are also plotted for comparison. In general, the numerical results agree well with the analytical solutions and the accuracy of numerical model is reasonably high.
Two-dimensional transient wave-induced response in a seabed of finite thickness
Meshless model
A two-dimensional transient problem as shown in Fig. 6 is studied under wave-induced loading. Selfweight of soil masses is not taken into consideration. This is a typical transient problem with periodic boundary conditions in both time and space. The boundary conditions are listed as follows: The bottom C b is fixed and impermeable. Seabed surface C t has traction boundary C r and pore water pressure boundary C p . If the relative acceleration between water and soils is neglected, these boundaries are expressed as follows:
where a ¼ 2p=l is the wave number; l, the wavelength; -¼ 2p=T , the wave frequency; T , the wave period and x, the horizontal coordinate. The amplitude factor p 0 in Eq. (22b) is related to wave pressure. The firstorder linear wave theory (Madsen, 1976) gives
in which H is the wave height and d w still water depth. The traction boundary in Eqs. (22a) and (22b) can be directly implemented through total traction on the seabed surface: 
The same material parameters as one-dimensional case are used except the YoungÕs modulus of soil skeleton ðEÞ chosen as 1 Â 10 4 kN/m 2 . The p 0 in Eq. (23) is assumed to be 100 kN/m 2 . The wavelength l is taken as 15 m and one-wavelength soil layer is taken for computation. The computation time is taken as 250 s (12.5 cycles). Fig. 7 gives two meshless models for this problem. The regular node distribution ( Fig. 7(a) ) has 441 nodes and the irregular node distribution (Fig. 7(b) ) has 461 nodes. The dotted lines form background cells. The irregular node distribution is used to check the effect of node distribution. Time step size is chosen as 
Analytical solution
The analytical solution is the extension of Madsen (1978) Õs work from infinite thickness to finite thickness. This analytical approach is different from the numerical scheme proposed by Thomas (1988) . Displacements (u z and u x ), pore water pressure ðpÞ, effective stress (r Above constants C 1 , C 2 , C 3 , C 4 , C 5 and C 6 satisfy following six linear equations: where the parameters are defined as follows: Fig. 8 compares the numerical results with analytical solutions for displacements, pore water pressures, effective stresses respectively at t ¼ 150 s (7.5 cycles). From these figures, it is found that nodal distributions have little effect on the numerical results of the current procedure. However, the accuracy is reasonably acceptable even for irregular node distribution. The deviation between regular and irregular node distributions can be further reduced if sufficient nodes are enclosed in an influence domain. Numerical results have no oscillation regardless of node distributions. This characteristic is not readily achievable in FEM. Fig. 9 shows the distribution of displacement, pore water pressure and effective stress along horizontal section z ¼ 10 m (mid-depth) (regular node distribution) and at t ¼ 250 s (12.5 cycles). The agreement between the EFGM and analytical solutions are satisfactory. All numerical results are oscillation-free. Fig.  10 compares the temporal response of displacement, pore water pressure, effective stress at the point ðx; zÞ ¼ ð7:5; 10Þ. The EFGM and analytical solutions agree very well again.
Comparison of numerical results with analytical solution
As a summary, the current procedure can simulate the transient responses of the seabed whether node distributions are regular or not. The regular node distribution has higher accuracy while the irregular node distribution still has reasonable accuracy. The EFGM may be an oscillation-free algorithm even the CrankNicolson algorithm is used in time domain. However, the FEM has difficulty in choosing a suitable time step size with oscillation-free. This is an advantage of the current method over FEM.
Moving boundary problem
This problem checks the capability of the EFGM for moving boundary problems. An impermeable mass-less body of infinite length is moving along the top surface of the seabed at a constant speed. The seabed is subjected to wave-induced load. The top surface is permeable except the boundary enclosed by the impermeable body. The both side boundaries are still assumed to be periodic. Fig. 11 gives the meshless models at the various time steps. The nodes have uniformly distributed fixed nodes (461 hollow-circle nodes) as well as non-uniform moving nodes (the filled-circle nodes). The moving nodes are changing in numbers and positions with time, depending on the position of the impermeable body (as noted by the dark straight line on the top of the soil surface). The impermeable body moves at a constant speed of 0.05 m/s. Dashed lines form background cells which remain unchanged during the whole computation.
Computational parameters for seabed soil and wave are the same as those in Section 4.2. At any time step, non-uniform moving nodes are positioned over an assumed highly variable zone of dimensions of ðl 1 þ l 2 Þ and h 1 along horizontal and vertical directions respectively. l 1 is taken as 2 m or distance of the edge of the impermeable body from left boundary whichever is smaller, l 2 is taken as 2 m or distance of the edge of the impermeable body from right boundary whichever is smaller, and h 1 is taken as 5 m down from 0.25 m level from the top soil surface. Depending on the zone size, the number and position of the moving nodes are determined by an automatic node generator. The number of moving nodes varies from 32 to 55 in this example.
Soil responses are recorded only at the fixed nodes throughout the whole computation. The moving nodes are locally introduced at any time step to give higher density of nodes within the influence domain of the fixed nodes. This improves the accuracy of interpolation within that local zone. When a node is added at any time step, the responses at that node in the immediate previous time step is interpolated through the approximations given by Eqs. (17a) and (17b). The nodal indexes are then calculated as
where u m is the nodal index at the newly added node; u f , the nodal index at the fixed node; / f , the shape function determined against only for fixed nodes; / t , the shape function determined against for both fixed and new (or moving) nodes. Fig. 12 gives the contour of pore water pressures at different times. The distribution of the cyclic loading applied on the top at the respective time is also shown. The dark straight line shows the position of the impermeable body. These contours show that the movement of the impermeable body affects the soil responses considerably. The EFGM can easily simulate such kind of problems. This is because the movement and position of the moving nodes are easily accumulated within the fixed nodes and, as the nodes are independent of the background cells for integrations, no extra process is involved in carrying out the whole numerical procedures. FEM requires meshes and their connectivity, and the update of mesh is complex and time-consuming. Therefore, this is not an easy task for FEM.
Conclusions
A two-dimensional numerical procedure is presented based on the EFGM to analyse the transient response of saturated porous elastic soil under wave-induced loading. In this procedure, displacement and excess pore water pressure are approximated using the same shape functions constructed by MLS approximants. Lagrange multipliers are employed to implement essential and periodic boundary conditions. A one-dimensional example is designed for temporal periodic conditions and a two-dimensional example for both temporal and spatial periodic conditions. Analytical solutions are developed for the finite thickness of soils to check the accuracy of the current numerical procedure. Finally, the moving boundary problem is designed to check its capability. The current procedure revised variational formulations to incorporate temporal and spatial periodic boundary conditions. Whether the problems are one-dimensional or two-dimensional, the current procedure provides very accurate prediction of the transient soil response.
The current procedure performs very well not only for regular node distributions but also for irregular node distributions. Irregular node distribution has lower accuracy but the accuracy is acceptable. The numerical results are oscillation-free, while FEM has difficulty to get oscillation-free results for the same time step size. The current procedure is easy and effective to treat moving boundary problems. This is because the EFGM has the flexibility to add or remove nodes easily from the discretized domain. This is an advantage over the FEM.
Analytical solutions are developed in this paper to check the accuracy of the current procedure. This solution is the extension of Madsen (1978) Õs work from infinite soil thickness to finite thickness. The comparison between analytical solutions and numerical results show that the current procedure has high accuracy for both temporal and spatial periodic problems like wave-induced transient responses.
As a numerical method, the current procedure can be easily extended to the anisotropic, non-homogeneous seabed. This paper just regards water wave as a periodic loading on the seabed although the seabed and water wave interaction is an interesting topic. For one-dimensional problem, above matrices are simplified into: 
½R ¼
K L G 0 ðG vl À G vrÞ½R onedi ¼ K L G 0 L Tðh
